In this note, we extend the considerations for the Choquet integral calculus on the interval [0, t] 
Introduction
In two very seminal papers [2] , [3] , the basis of a theory concerning the calculations of the continuous Choquet integral and the inverse problem of the Choquet integral were posed, in both cases considered with respect to distorted Lebesgue measures on the nonnegative real line. Then, in [1] the theory was extended to the case of non-monotonous nonnegative functions.
Let us shortly recall the main elements of this theory.
For B the smallest σ-algebra including all the closed intervals in R + = [0, +∞), let µ : B → R + be a (non-null) capacity. Denote simply by F + the space of all nonnegative, nondecreasing and continuous functions defined on [0, +∞).
Starting from the Choquet integral equation
in [2] , [3] were posed the following three problems : 1) Calculation of the Choquet integral: calculate f ∈ F + for given g ∈ F + and µ ; without any loss of generality, in this case we suppose in (1) that f (0) = 0.
2) Solution of the Choquet integral equation : find g ∈ F + for given f ∈ F + and µ. If exists uniquely, the function g is called the derivative of f with respect to µ and it will be denoted with g = df dµ = f ′ µ ; 3) identification of the fuzzy measure: identify µ for given f and g in F + .
Solutions to the above problems were obtained in [2] , [3] , [1] , mainly for distorted Lebesgue measures, with m continuously differentiable on R + and for continuously differentiable f and g.
The main goal of the present note is to deliver answers to the above three problems.
Statements and Solutions of the Problems
For a ∈ R, denote by F + [a, +∞) the space of all nonnegative, nondecreasing and continuous functions defined on [a, +∞). Note that for simplicity, F + [0, +∞) was denoted by F + .
By analogy with the above considerations, starting from the Choquet integral equation
where f ∈ F + [a, +∞), we can state the same three problems as in the case when a = 0.
Problem 1. Calculation of the Choquet integral: calculate f ∈ F + [a, +∞) for given g ∈ F + [a, +∞) and µ ; without any loss of generality, in this case we suppose in (2) that f (a) = 0.
An answer to the Problem 1, is the following.
is differentiable as function of t ≥ a and g ∈ F + [a, +∞).
(i) We have that
(ii) Let µ = m • λ, where λ is the Lebesgue measure and m is differentiable on R + . Then we have
Proof. The proofs of (i) and (ii) go exactly as in Proposition 1 in [3] . 
If f , g and µ satisfy the Choquet integral equations in Theorem 1.1, (i), (ii), then the answer to the question is positive. For example, in the case of Theorem 1.1, (ii) (the proofs for the case (i) is similar)
which implies
But a direct calculation (similar to those in [3] , Proposition 1), easily leads to the equality
, for all t ≥ a, which proves our assertion.
Remark 1.3. Another question which naturally arises is how we could apply the Laplace's transform method for concrete calculation in Theorem 1.1. For this purpose, we will use the property that we can change the variable under the Riemann integral. Thus, denoting f a (r) = f (r + a), g a (r) = g(r + a), r ≥ 0, obviously that f a , g a keep their monotonicity and in fact f a , g a ∈ F + . Then, replacing t ≥ a by r + a with r ≥ 0 in both integral equations in Theorem 1, by the change of variable τ = η + a, we obtain
and
Therefore, we have reduced the integral equations in Theorem 1.1, to the forms in the papers [2] , [3] .
Then, applying formally to the last integral equation the Laplace transform L, exactly as in [2] , [3] we obtain
where
, t ≥ 0, and therefore
Example 1.4. In the case of Problem 1, as an example, for a ∈ R, choose g(
τ ≥ a and m(t) = t 2 /2. We get g a (τ ) = √ τ and by using a symbolic Laplace transform calculator (https://www.symbolab.com/solver/laplace-calculator/laplace), it follows
. By using formula (4), it easily follows F a (s) = √ π 2 · 1 s 7/2 and applying now the symbolic inverse Laplace transform (at the same link as above), we obtain
, which is nondecreasing as function of t ≥ a.
Problem 2. Solution of the Choquet integral equation (2) : find g ∈ F + [a, +∞) for given µ and f ∈ F + [a, +∞) with f (a) = 0.
Keeping the notations for F a and G a in the previous Remark 1.3 and using the formula (4), we get
if g is found to be in F + [a, +∞). In this case, we call g(t) as the derivative of f (t) for t ≥ a with respect to µ and it is denoted with g(t)
which leads to g(t) = Now, if we take, for example, f (t) = (t − a)
This leads to g(t) = 35 4 · (t − a) √ t − a, which being nondecreasing as function of t ≥ a, therefore implies
Recall here that µ = m • λ, with λ the Lebesgue measure.
Problem 3. Identify µ for given f ∈ F + [a, +∞) and g ∈ F + [a, +∞).
In this case, again from (4) we will get
which gives the solution if m(t) is nonnegative and strictly increasing. Example 1.6. Take f (t) = (t − a) 11/2 , g(t) = (t − a) 1/2 . By using the link mentioned at Example 
can be reduced to the integral equation [0, t] with f a (t) = f (t + a), g a (t) = g(t + a), f a , g a ∈ F + , f a (t) = (C) t 0 g a (τ )dµ(τ ), t ≥ 0.
Indeed, replacing t ≥ a by r + a with r ≥ 0 in equation (7), we obtain f (r + a) = (C) It is clear that if µ is not invariant at translations, then in general, the integral equation (7) cannot be reduced to the integral equation (8).
